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Abstract: In this work we study new issues involving the type IIB superstring in a time
dependent plane wave background with a constant self-dual Ramond-Ramond 5-form and
a linear dilaton in the light-like direction. We construct a unitary Bogoliubov generator
which relates the asymptotically flat superstring Hilbert space to the finite time Hilbert
space. The time dependent vacuum is a superposition of SU(1, 1)×SU(2) coherent states,
which has a particular structure of excitation, characterized by a condensation of right and
left moving supertring modes. We calculate the time dependent left/right entanglement en-
tropy and carry out the summation over the oscillator modes of the superstring two-point
function. We show that, close to the null singularity, the entanglement entropy is well-
behaved. In particular, for asymptotically flat observers, the closed superstring vacuum
close to the singularity appears as superstring thermal vacuum, which is unitarily inequiv-
alent to the asymptotically flat vacuum. Actually, we show that close to the singularity the
superstring thermalizes and the entanglement entropy becomes a thermodynamical entropy
for a supersymmetric two-dimensional gas.
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1 Introduction
One of the important open problems in high energy physics is the correct treatment of
time dependent backgrounds. It is generally hoped that string theory has the tools to
solve the conceptual and technical problems associated to quantization in time dependent
geometries; in particular, string theory may help to understand the nature of space-like
singularities. Despite all the progress that has been made in the last years involving
orbifolds [1–9], matrix theory [10–13], tachyon condensation [14–17], among other ideas1,
the quantum properties of superstring sigma model in general time dependent background,
in particular with non zero Ramond-Ramond fluxes, still remain elusive, mainly owing to
the breakdown of the string perturbative techniques close to singularity.
In order to understand superstring theory at time dependent background and cos-
mological singularities, we need to answer some questions. Maybe the first question in
quantum cosmology is whether time simply begins and ends - the string pre-Big Bang sce-
nario potentially answers this question [19]. In this scenario quantum effects may produce
a kind of bounce with a semi-classical spacetime on the other side. Another question is the
nature of the null closed curves which appear in time dependent orbifolds, and how to take
into account the string-winding effects associated with these curves. Finally (but not the
1For a review, see, for example, [18].
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last), in a general time-dependent background there is no natural definition of the vacuum.
As a consequence, it is not always clear what are the correct observables of string theory.
A complete program to answer the questions above needs to take into account the
α′ correction, the gs correction and the non-perturbative sector of string theory. On the
other hand, as usual in theoretical physics, we can get insights by studying models that are
simple enough to have, for example, non-perturbative effects over control, but complicated
enough to illustrate nontrivial effects. Although the employing of perturbative methods
to treat superstrings in time independent backgrounds in the case of time dependent ones
is not straightforward, there are some particular time dependent backgrounds which it is.
This is the case of time dependent plane wave background.
The study of string theory in a plane wave background has a long and interesting
history since the pioneering works of references [20–25]. Concerning the time independent
case, the plane wave background with maximal supersymmetry [26–28] has been produced
by the Penrose limit [29, 30] on the AdS5 × S5 solution of type IIB superstring theory.
The string sigma model in this time independent background is exactly solvable [31, 32], so
that it provides an example of AdS/CFT correspondence beyond the supergravity approx-
imation - the so-called BMN correspondence [33]. Later on, a time dependent plane wave
bosonic string model was studied in [34]. For a particular choice of the metric’s parameter,
this time dependent geometry can be obtained through the Penrose limit of a cosmological,
Dp-brane or fundamental string background. It has a null cosmology interpretation - in
particular, the model admits a pre-Big Bang phase scenario. In the light-cone gauge, the
string’s equation of motion has been solved and it is argued that the string passes through
the null singular point, although there is a discontinuity in the time derivative in the zero
mode sector. In this case, the string coupling close to singularity remains small. In [35],
the type IIB Green-Schwarz superstring in a plane wave time dependent background with
constant Ramond-Ramond flux was quantized. This model also has a null cosmology in-
terpretation but does not allow a pre-Big Bang phase scenario. It was shown that the
spectrum of the bosonic and fermionic excitations is symmetric and the zero-point energy
cancels between the bosonic and fermionic sectors; however, the string coupling is very
strong near the Big Bang singularity. Moreover, as in the model studied in [34], there is
an asymptotically flat limit. In the present work, we are going to study new issues in-
volving this time dependent superstring sigma model, in particular concerning left/right
entanglement, two-point functions and thermalization.
The main characteristic of time dependent plane wave superstring models lies in the
fact that, although there is no particle creation in the background, there is string mode
creation. The core of this effect is the presence of a time dependent mass in the worldsheet
model. This implies that the worldsheet vacuum is not unique and we can construct a
Bogoliubov operator to map different representations of the Poisson algebra. In particular,
we have related the asymptotically flat vacuum with a time dependent vacuum. As a
consequence of the Bogoliubov transformation, the time dependent vacuum is a left/right
superstring entanglement state. Interesting to note that this entanglement is produced
by the background. In general, the left/right entanglement state of conformal theories is
a linear combination of Ishibashi states and it is not normalized [36]. Here, due to the
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unitarity of the Bogoliubov transformation, the time dependent superstring entanglement
state is normalized.
An important object in field and string theory is the two-point function. Although
the use of string’s perturbative techniques is only possible for this model close to flat
space limit, it is important to have knowledge about the dependencies of the background
field and the worldsheet spacetime structure of string propagators. To this end, it is
necessary to carry out the mode summation for the string two-point function and present
it in terms of analytic functions. This was done at [37] for the bosonic model discussed at
[34]. The same analysis is done here for the type IIB Green-Schwarz superstring in a plane
wave time dependent background with constant Ramond-Ramond flux. In particular, the
short-distance behavior is analyzed close to the flat space and close to the singularity, for
both vacuum states. In the work of reference [37], an approximation is used to go to the
continuous limit and to write the sums involving the two-point function as integrals. For the
model studied here, this approach is not possible and we need to deal directly with the sums.
A perturbative approach is used to carry out the two-point mode summation and write it
in terms of Hypergeometric and q-Polygamma functions for the time independent vacuum,
and in terms of modified Bessel functions for the time dependent left/right entanglement
vacuum.
Once we have a left/right entanglement state, a natural step to take is to investigate
the effects of tracing over the left-moving degrees of freedom and to calculate the entangle-
ment entropy. Usually, the entanglement entropy is defined as the von Neumann entropy
corresponding to the reduced density matrix SE = −TrρA ln ρA, where the reduced density
matrix ρA of a subspace of the Hilbert space H is obtained by tracing out the degrees of
freedom living in its complement HB. It has to be emphasized that the Hilbert space is not
geometrically partitioned here - the division of the system into subsystems A and B does
not follow the more traditional geometric delimitation. Instead, as a consequence of the
Bogoliubov transformation, the Hilbert space is decomposed into string’s left- and right-
moving degrees of freedom. Therefore, this entanglement is more related to the concept
of momentum entanglement, investigated in [38].2 On the other hand, once we show that
the entanglement state can be also generated by an entropy operator, the entanglement
entropy has the form of a thermodynamical entropy.
With the entanglement state being produced by the background and the entropy,
the natural question that arises is what happens at the cosmological singularity. As for
this model the string coupling gets bigger as the string is closer to the singularity, any
question involving how the string resolves or passes through the spacelike singularity needs
non perturbative information to be answered. Surprisingly, although the Hamiltonian
of the superstring diverges at the singularity, the entanglement state and entropy are
well behaved. In fact, we show that, as the string approaches the singularity as seen by
asymptotic observers, the left/right entanglement entropy becomes the thermodynamical
entropy for a 2d supersymmetric gas and the entanglement state becomes a thermal state.
As the left-moving degrees of freedom have been traced out, the entropy has the form of an
2This kind of entanglement was studied for the first time in string theory in [39] and later on in [40, 41].
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open string entropy, as well as the thermal state. Again, this is a consequence of the time
dependent mass.3 Important to note that this worldsheet thermalization does not occur in
the model studied in [34] - this is a particularity of this Ramond-Ramond background.
This article is divided as follows: in Section 2 the model is presented, following the
reference [35]; in Section 3, we construct a unitary Bogoliubov generator which relates
the asymptotically flat string Hilbert space to the finite time Hilbert space; in Section
4 the two-point function is calculated and we show a different behavior for the two vac-
uum states; in Section 5 we explore the fact that the time dependent vacuum is a time
dependent left/right entanglement state and calculate the time dependent entanglement
entropy; in Section 6 we show the thermalization of the system as the string approaches the
singularity; the conclusions are presented in Section 7; lastly, in the Appendix we present
the so-called Liouville-von Neumann (LvN) approach [44–46] to study the non equilibrium
quantum dynamics of time dependent systems, which has been used to show the zero mode
thermalization.
2 The model
Consider the type IIB Green-Schwarz (GS) superstring in the following time dependent
background with Ramond-Ramond flux
ds2 = −2dx+dx− − λ(x+)x2I dx+dx+ + dxIdxI ,
φ = φ(x+) , (F5)+1234 = (F5)+5678 = 2f. (2.1)
where φ is the dilaton and F5 the Ramond-Ramond field. Here the supersymmetry pre-
served by the background is reduced from maximal (32 supercharges) to 1/2 (16 super-
charges), as usual for a generic plane wave.
The worldsheet action is
S = SB + SF , (2.2)
where
SB = − 1
4πα′
∫
d2σ
√−g gabGµν∂axµ∂bxν
= − 1
4πα′
∫
d2σ
√−g gab(−2 ∂ax+∂bx− − λx2I∂ax+∂bx+ + ∂axI∂bxI) , (2.3)
and
SF = − i
2πα′
∫
d2σ(
√−ggabδAB − ǫabσ3AB) ∂axµ θ¯AΓµ(Dˆbθ)B +O(θ3) , (2.4)
3It is well-known that, even in a free field theory, when we suddenly change the mass, the resulting real
time correlation functions become “thermal” at late time [42], [43].
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are the bosonic and fermionic string actions, respectively, and
σ3 = diag(1,−1) ,
Dˆb = ∂b +Ων ∂bx
ν , (2.5)
with Dˆb being the pull-back of the covariant derivative to the worldsheet. The indices a, b
are worldsheet indices, A,B = 1, 2 and µ is the spacetime index. The spin connection Ων
is defined by
Ω− = 0,
Ω I =
i eφ
4
f Γ+(Π + Π′) ΓI σ2,
Ω+ = −1
2
λxIΓ+I1+
i eφ
4
f Γ+(Π + Π′) Γ+σ2 , (2.6)
with Π = Γ1Γ2Γ3Γ4 = diag(14,−14), Π′ = Γ5Γ6Γ7Γ8, Γ± = (Γ0 ± Γ9)/
√
2 and σ2 is the
Pauli matrix. We are omitting higher orders in θ, which do not contribute after using the
light-cone gauge [47],[48]. The representation of Γ-matrices chosen is such that Γ0 = C
where C is the 10d charge conjugation; therefore, the components of θA are all real. The
θA are 10d spinors, that is, θAα with α = 1, 2, . . . , 16 , and A = 1, 2.
Conformal invariance of the worldsheet demands
Rµν = −2DµDνφ+ 1
24
e2φ(F 25 )µν . (2.7)
Because the only non zero component of the Ricci curvature tensor Rµν with respect to
the metric is R++ = 8λ(x
+), when we put (2.1) into (2.7) we find
λ = −1
4
φ′′ + f2e2φ . (2.8)
Notice that eφ = g is the string coupling.
Let us analyze some cases that have been studied in [35] and [34]. If we turn off the
Ramond-Ramond flux, we can choose
φ = φ0 − 1
2
dλ0(x
+)2, λ0 = constant > 0 . (2.9)
In this case the string coupling is g = g0e
− 1
2
dλ0(x+)2 and λ = k
(x+)2
. The metric admits a
null cosmology interpretation with a cosmological singularity at x+ = 0 and a pre-Big Bang
phase (x+ < 0). Note that, even at the singularity, the string coupling remains small if g0 is
small, and in the asymptotic limits (x+ = ±∞) the metric is flat. However, after fixing the
kappa symmetry in the GS superstring (Γ+θA = 0), only the second term in Ω+ has non
vanishing contributions in the fermionic part. This goes to zero if the Ramond-Ramond
field is zero.
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A solution of (2.7) with non zero constant Ramond-Ramond field (f = f0) is:
φ = −cx+, λ = f20 e−2cx
+
. (2.10)
In this case, the metric also admits a null cosmology interpretation but the cosmological
singularity is located in x+ = −∞. In this model the string coupling g diverges at the
singularity. This is the model that we are going to explore in this work.
2.1 The light-cone superstring action
For the model (2.10), we fix the gauge symmetries choosing light-cone gauge
x+ = α′p+τ , p+ > 0 ,
Γ+θA = 0 , (2.11)
and
√−ggab =
(
−1 0
0 1
)
. (2.12)
The second equation in (2.11) implies
(θA)TΓIθB = 0, ∀A,B ,
(ΩI)
A
Bθ
B = 0 ,
ΠθA = Π′θA . (2.13)
As usual, after fixing the kappa symmetry (Γ+θA = 0), the ten dimensional fermions
are reduced to SO(8) representation. Since the ten dimensional θ1α and θ
2
α spinors have
the same chirality, both of them end up to be in the same SO(8) fermionic representation.
Moreover, after the gauge fixing, the only term of the spin connection that contributes is
Ω+, and from the ∂aX
µΓµ term in the fermionic action, only ∂aX
+Γ+ contributes. Finally,
the light-cone GS superstring action is
S = SB + SF , (2.14)
where
SB =
1
4πα′
∫
dτ
∫ 2pi
0
dσ (∂τx
I∂τx
I − ∂σxI∂σxI − f˜2e−2 τx2I) , (2.15)
is the bosonic part and
SF =
ip+√
2π
∫
dτ
∫ 2pi
0
dσ (θ1T∂τθ
1+ θ2T∂τθ
2 + θ1T∂σθ
1 − θ2T∂σθ2+ 2f˜ e−τθ1TΠθ2) , (2.16)
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is the fermionic part of the action; we are omitting the fermionic indices. We have set
c = 1
α′p+
and defined f˜ ≡ α′p+f0. Remember that now θ1 and θ2 have 8 independent
components each. In the next paragraphs the results of reference [35] will be presented
briefly.
The equation of motion for the bosonic part is
(∂2τ − ∂2σ + f˜2e−2 τ )xI = 0 , (2.17)
and its solution is
xI(τ, σ) = xI0(τ) + i
√
α′
2
∞∑
n=1
1√
n
[
T In(τ) e
inσ − T I−n(τ) e−inσ
]
, (2.18)
with
xI0(τ) = J0(f˜e
−τ )x˜I − π
2
α′ Y0(f˜ e−τ )p˜I ,
T In(τ) = Zn(τ)α
I
n − Z−n(τ) α˜I−n ,
Zn(τ) =
(
f˜
2
)
Γ(1 + in)Jin(f˜ e
−τ ) , (2.19)
and Jm and Ym are the Bessel functions of first and second kind, respectively. The reality
condition on xI implies
(αIn)
† = αI−n , (α˜
I
n)
† = α˜I−n . (2.20)
For the fermionic action, the equations of motion are
(∂τ + ∂σ)θ
1 + f˜e−τΠθ2 = 0,
(∂τ − ∂σ)θ2 − f˜e−τΠθ1 = 0. (2.21)
One can transform the two coupled first order equations in two decoupled second order
equations as
(∂2τ − ∂2σ) θ1 + (∂τ + ∂σ)θ1 + f˜2e−2τθ1 = 0 ,
(∂2τ − ∂2σ) θ2 + (∂τ − ∂σ)θ2 + f˜2e−2τθ2 = 0 . (2.22)
Note that, owing to the time dependence of the dilaton, we have a typical damping term
(first time derivative of the fields); again, the equations can be resolved in terms of Bessel
functions. Defining ξ = p
+√
2pi
, the worldsheet field expansions are
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θ1(τ, σ) = θ10(τ) +
∞∑
n=1
[
θ1n(τ) e
inσ + θ1−n(τ) e
−inσ] ,
θ2(τ, σ) = θ20(τ) +
∞∑
n=1
[
θ2n(τ) e
inσ + θ2−n(τ) e
−inσ] , (2.23)
with
θ10(τ) =
1√
4πξ
(S0 cos(f˜ e
−τ ) + ΠS˜0 sin(f˜ e−τ )),
θ20(τ) =
1√
4πξ
( S˜0 cos(f˜e
−τ )−ΠS0 sin(f˜ e−τ )), (2.24)
θ1n(τ) =
1√
4πξ
(
SnWn(τ) + ΠS˜−n W˜ ∗n(τ)
)
, (2.25)
θ2n(τ) =
1√
4πξ
(
S˜−nW ∗n(τ)−ΠSnW˜n(τ)
)
, (2.26)
and
Wn(τ) =
(
f˜
2
)−in
Γ
(
1
2
+ in
)√
u
2
J− 1
2
+in(f˜e
−τ ) , (2.27)
W˜n(τ) =
(
f˜
2
)−in
Γ
(
1
2
+ in
)√
u
2
J 1
2
+in(f˜ e
−τ ) . (2.28)
The requirement that θ1,2 are real implies
S−n = S†n , S˜−n = S˜
†
n , n = 0,±1,±2, . . . . (2.29)
Now let’s quantize the superstring. The canonical momentum conjugate to the bosonic
and fermionic coordinates are
ΠI =
1
2πα′
∂τx
I ,
PAaˆ =
i p+√
2π
θAaˆ , A = 1, 2 and aˆ = 1, 2, . . . , 8 . (2.30)
Using the following properties of the Gamma and Bessel functions,
Γ(1 + in) Γ(1 − in) = nπ
sinhnπ
,
Jν(z)J
′
−ν(z)− J−ν(z)J ′ν(z) = −
2 sin νπ
πz
, (2.31)
– 8 –
the bosonic canonical commutation relations
[xI(τ, σ), ΠJ(τ, σ′) ] = i δIJδ(σ − σ′) , (2.32)
imply
[x˜I , p˜J ] = i δIJ , [αIn, α
J†
m ] = δ
IJδnm , [α˜
I
n, α˜
J†
m ] = δ
IJδnm . (2.33)
For the quantization of the fermionic part, we impose the standard anticommutation rela-
tions
{θAnaˆ(τ, σ) , θBmbˆ(τ, σ
′)} = 1
2 ξ
δAB δn+m,0 δaˆbˆ δ(σ − σ′), (2.34)
with the other anticommutators vanishing. Using the formulas
Γ
(
1
2
+ in
)
Γ
(
1
2
− in
)
=
π
coshnπ
, (2.35)
J− 1
2
+in(z)J− 1
2
−in(z) + J 1
2
+in(z)J 1
2
−in(z) =
2 cosh nπ
πz
, (2.36)
we get
{Snaˆ, Smbˆ} = {S˜naˆ, S˜mbˆ} = δaˆbˆ δn+m,0 , n,m = 0,±1,±2, . . . . (2.37)
Although the quantization of the sigma model is straightforward, one can see that the
light-cone Hamiltonian written in terms of the modes αn and Sn is non diagonal:
H = HB +HF , (2.38)
where
HB = HB0(τ) +
1
2α′p+
∞∑
n=1
[
ΩBn (τ) (α
I†
n α
I
n + α˜
I†
n α˜
I
n + 1)
−CBn (τ)αInα˜In − CB∗n (τ) α˜I†n αI†n
]
, (2.39)
HF = HF0(τ) +
1
2α′p+
∞∑
n=1
[
ΩFn (τ) (S
†
nSn + S˜
†
nS˜n − 1)
−CFn (τ)SnΠS˜n − CF∗n (τ) S˜†nΠS†n
]
, (2.40)
– 9 –
HB0(τ) =
1
2p+
[
(pI0)
2 + f˜2e−2τ
(
xI0
α′
)2]
,
HF0(τ) = − 2 i
α′p+
f˜ e−τS0ΠS˜0, (2.41)
and
ΩBn (τ) =
1
n
|∂τZn|2 + n
(
1 +
f˜2e−2τ
n2
)
|Zn|2 ,
CBn (τ) =
1
n
(∂τZn)
2 + n
(
1 +
f˜2e−2τ
n2
)
(Zn)
2 ,
ΩFn (τ) = −2 i
[
Wn∂τW
∗
n + W˜n∂τW˜
∗
n
]
,
CFn (τ) = −2 i
[
Wn∂τW˜n − W˜n∂τWn
]
. (2.42)
Let us study the asymptotic behaviour of this Hamiltonian. Considering the asymptotic
expansion of Bessel functions as z → 0,
Jν(z) ∼ 1
Γ(1 + ν)
(z
2
)ν
+O(zν+2) ,
Y0(z) ∼ 2
π
ln
z
2
, ΩFn (τ) ∼ 2n , CFn (τ) ∼ 0 , (2.43)
these relations imply
ΩFn (τ) ∼ 2n , CFn (τ) ∼ 0 ,
ΩBn (τ) ∼ 2n , CBn (τ) ∼ 0 , (2.44)
that is, the flat space result is recovered as τ → +∞ and the Hamiltonian is diagonal.
Close to the singularity, we use the following expression for z →∞
Jν(z) ∼
√
2
πz
cos
(
z − νπ
2
− π
4
)
, | arg z| < π , (2.45)
to get
ΩBn (τ) ∼
2 cosh nπ
sinhnπ
f˜e−τ ,
CBn (τ) ∼ 2
(
f˜
2
)−2in
Γ2(1 + in)
π
f˜e−τ , (2.46)
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ΩFn (τ) ∼
2 sinhnπ
coshnπ
f˜ e−τ ,
CFn (τ) ∼ 2 i
(
f˜
2
)−2in
Γ2(12 + in)
π
f˜ e−τ . (2.47)
This is the strongly coupled region and the hamiltonian diverge. We define the vacuum
|0, p−〉 as the vacuum seen by asymptotically flat observers at τ =∞, which is annihilated
by the αn oscillators. We want to define a finite time vacuum (|0(τ), p−〉) such that it is
annihilated by time dependent oscillators. The vacuum |0(τ), p−〉 can be interpreted as the
vacuum seen by observers going with the string. We are going to analyze this vacuum as
seen by asymptotically flat observers when the string goes towards the singularity.
3 The Bogoliubov transformation
In general, given a pp-wave background with asymptotically flat region at τ = +∞, we can
describe the dynamics of the string evolving back in time as seen by an observer in the in
vacuum |0, p−〉 at τ = ∞. From the point of view of these observers, there will be string
mode creation in the worldsheet vacuum when the string goes towards the singularity at
τ = −∞. Equivalently, one may reverse the orientation of time (which is equal to change
the sign of c in φ = −cx+) and interpret this as an evolution from some excited state to
the vacuum at τ = +∞.
In this section, we find a unitary Bogoliubov generator which can be used to construct
a finite time Hilbert space from the asymptotically flat one. This finite time Hilbert space
will be related to observers going together with the string towards the singularity.
In order to construct the Bogoliubov generators, the following constraints must be
taken into account:
a) the Bogoliubov operator must map physical states into physical states;
b) the transformation must be unitary;
c) the Hamiltonian constructed with the new operators must be diagonal as the asymp-
totic one.
In the asymptotic limit, a physical closed string state |Φ〉 must obey
P |Φ〉 =
∞∑
n=1
n
(
NBn +N
F
n − N¯Bn − N¯Fn
) |Φ〉 = 0 , (3.1)
where P is the momentum and NB , NF are the asymptotic boson and fermion number
operators. So, the unitary Bogoliubov generator G, which generates a new physical closed
string Hilbert space from the first one, must satisfy[
G,
(
N − N˜
)]
= 0 . (3.2)
The most general operators (which satisfy the relations (3.2)) have the following form
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G = GB +GF , (3.3)
for
GB =
∑
n=1
(
GBn + G¯
B
n
)
, GF =
∑
n=1
(
GFn + G¯
F
n
)
, (3.4)
where
GBn = λ1n a˜
†
n · a†n − λ2nan · a˜n + λ3n
(
a†n · an + a˜n · a˜†n
)
, (3.5)
GFn = γ1n S˜
†
n · S†n − γ2nSn · S˜n + γ3n
(
S†n · Sn − S˜n · S˜†n
)
, (3.6)
and the transformation parameters will be time dependent. The structure is similar to
that of the SU(1, 1) × SU(2) formulation of Thermo Field Dynamics (TFD) developed in
[49–52], and it is easy to verify that the bosonic generators satisfy the SU (1, 1) algebra
and the fermionic the SU (2) algebra.
In order to guarantee that the transformation is unitary (constraint b)), we can choose
λ3n and γ3n to be real and
λ2n = −λ∗1n , γ2n = −γ∗1n . (3.7)
For oscillator-like operator Cin (which can be commuting or anti-commuting) and for the
asymptotic vacuum |0, p−〉, the operators (3.5) and (3.6) generate the following unitary
transformation:
(
Cin(Θ)
C¯i†n (Θ)
)
= e−iG
(
Cin
C˜i†n
)
eiG = Bn
(
Cin
C˜i†n
)
, (3.8)(
Ci†n (Θ) −σC¯in(Θ)
)
=
(
Ci†n −σC˜in
)
B
−1
n , (3.9)
|0(τ), p−〉 = e−iG|0, p−〉 , (3.10)
with σ = 1 for bosons and σ = −1 for fermions.4 The operator’s matrix transformation is
given by
Bn =
(
un vn
σv∗n u∗n
)
, |un|2 − σ|vn|2 = 1 . (3.11)
The matrix elements for fermions are
un ≡ UFn = cosh (iΓn) +
γ3n
Γn
sinh (iΓn) , vn ≡ V Fn = −
γ1n
Γn
sinh (iΓn) , (3.12)
4The Θ represents the parameters of the G transformation.
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and Γn is defined by the following relation
Γ2n = −γ1nγ2n + γ23n . (3.13)
For bosons we have
un ≡ UBn = cosh (iΛn) +
λ3n
Λn
sinh (iΛn) , vn ≡ V Bn =
λ1n
Λn
sinh (iΛn) , (3.14)
and Λn is defined by the following relation
Λ2n = λ1nλ2n + λ
2
3n . (3.15)
So, the explicit form of the state (3.10) is given by
|0(τ), p−〉= e−iG |0, p−〉
=
∏
n=1
[(
UFn
UBn
)8(
U¯Fn
U¯Bn
)8
e
−V
B
n
UBn
a†n·a¯†n
e
−V
F
n
UFn
S†n·S¯†n
]
|0〉 . (3.16)
Now we just need to fix the parameters using constraint c). Let us start with the
bosonic sector. We are going to name the new time dependent bosonic oscillators as
An(τ). It is well known from reference [35] that the Hamiltonian is diagonalized by the
following transformation for the bosonic fields
AIn(τ) = α
I
n fn(τ) + α˜
I
−n g
∗
n(τ) , A
I†
n (τ) = α
I
−n f
∗
n(τ) + α˜
I
n gn(τ) ,
A˜In(τ) = α
I
−n g
∗
n(τ) + α˜
I
n fn(τ) , A˜
I†
n (τ) = α
I
n gn(τ) + α˜
I
−n f
∗
n(τ) , (3.17)
where
fn(τ) =
1
2
√
ωn
n
eiωnτ
[
Zn +
i
ωn
∂τZn
]
,
gn(τ) =
1
2
√
ωn
n
e−iωnτ
[
−Zn + i
ωn
∂τZn
]
, (3.18)
and
ωn =
√
n2 + f˜2e−2τ , n > 0 ; ω−n = −
√
n2 + f˜2e−2τ , n < 0 . (3.19)
As
|fn(τ)|2 − |gn(τ)|2 = 1 , (3.20)
we can choose the bosonic Bogoliubov parameters such that
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UBn = cosh (iΛn) +
λ3n
Λn
sinh (iΛn) = fn(τ) ,
V Bn =
λ1n
Λn
sinh (iΛn) = gn(τ) . (3.21)
Take notice that the transformation (3.17) is exactly the same as (3.9).
Let us deal with the fermions. We are going to write the new time dependent fermionic
oscillators as Bn(τ). From reference [35], the transformation that diagonalizes the fermionic
sector is
Bn = cosϕn Sn − ieiψn sinϕnΠS˜†n , B†n = cosϕn S†n + ie−iψn sinϕnΠS˜n , (3.22)
B˜n = cosϕn S˜n + ie
iψn sinϕnΠS
†
n , B˜
†
n = cosϕn S˜
†
n − ie−iψn sinϕnΠSn , (3.23)
where the constraints that guarantee a diagonal Hamiltonian (written in terms of the B
fields) are given by5
eiψnCFn = i|CFn | and e−iψnCF∗n = −i|CFn | , (3.24)
sin2(ϕn) =
1
2
[
1− Ω
F
n
2ωn
]
, (3.25)
ω˜n(τ) = ωn(τ) ≡
√
n2 + f˜2e−2τ , (3.26)
where ΩFn (τ), C
F
n are given in (2.42). Note that B−n = B
†
n and B˜−n = B˜
†
n implies that
ϕ−n = −ϕn and ψ−n = −ψn. The Π2 = 1 constraint allows us to fix the fermionic
Bogoliubov parameters as
UFn = cosh (iΓn) +
γ3n
Γn
sinh (iΓn) = cosϕn ,
V Bn =
λ1n
Λn
sinh (iΛn) = −ieiψn sinϕn . (3.27)
The Bogoliubov transformed Hilbert space is now defined by acting with operators
A†n(τ) and B†n(τ) in the vacuum |0(τ), p−〉, which is annihilated by An(τ) and Bn(τ),
Ain(τ)|0(τ), p−〉 = A˜in(τ)|0(τ), p−〉 = 0 ,
Bin(τ)|0(τ), p−〉 = B˜in(τ)|0(τ), p−〉 = 0 . (3.28)
The vaccum |0(τ), p−〉 is a condensate of αn and Sn modes and has the structure of a
worldsheet left/right entanglement state, as seen by asymptotically flat observers. Owing
to property (3.2), this is a condensate of physical states.
5See ref. [35] for detailed calculations.
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The Hamiltonian for the time dependent system is
H(τ) = HF0 +HB0 +
1
α′p+
∞∑
n=1
ωn(τ)
[
AI−n(τ)A
I
n(τ) + A˜
I
−n(τ)A˜
I
n(τ) + 1
]
+
1
α′p+
∞∑
n=1
ωn(τ)
[
B†n(τ)Bn(τ) + B˜
†
n(τ)B˜n(τ)− 1
]
. (3.29)
The zero mode is the same as defined in (2.41) and the frequency is defined in (3.26).
4 Two-point function
In order to obtain more insights of the time dependent superstring sigma model, let us
compute the closed string two-point function in this singular background. We will start
this study from the bosonic sector.
Firstly, we need to choose the vacuum. Let’s take the vacuum |0, p−〉, which is defined
as the Fock space state annihilated by the αn’s (the flat space vacuum). Using the equations
of motion, the two-point function is
〈
0, p−|XI(σ, τ)XJ (σ′, τ ′)|0, p−
〉
= δIJ
π
2
iα′Y0(σ)J0(σ′)
− δIJα′
∞∑
n=1
1
n
Zn(τ)Z
∗
n(τ
′) cos[2n(σ − σ′)] , (4.1)
where the zero mode normal ordering is done in such a way that the momentum is on the
right. In the asymptotic limit τ → ∞, Zn(τ) ∼ e2niτ , Y0(σ)J0(σ′) ∼ 2pi (ln f˜ − τ), and the
two-point function corresponds to the usual flat space result.
Let’s focus on non zero modes. For simplicity, we will evaluate the two-point function
at equal times. We will compute the function
F (σ, σ′, τ) =
∞∑
n=1
1
n
Zn(τ)Z
∗
n(τ) cos[2n(σ − σ′)] =
∞∑
n=1
|Jin(u)|2
sinh(nπ)
cos[2n(σ − σ′)] , (4.2)
where we have used the equations (2.18) and (2.19), and u = f˜e−τ . For the case of the
background (2.9), in [37] the two-point function was calculated using the approximation
nτ << 1 and going to the continuous limit. Here this trick is not possible owing to the
term sinh(nπ) that appears in (4.2). We are going to take a different approach. In order
to study the behavior of the two-point function close to flat space, we use the power series
Jµ(u)Jν(u) =
1
2
uµ+ν
∞∑
k=0
(µ + ν + k + 1)k(
1
4u
2)k
k!Γ(µ + k + 1)Γ(ν + k + 1)
, (4.3)
where (a)n = Γ(a+ n)/Γ(a) is the Pochhammer’s symbol. We have an expression for each
order of u = f˜e−τ . At zero order, we get the flat space result
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|Jin(u)|2 = 1
π2
cosh(πn)
|Γ(1/2 + in)|2
|Γ(i+ in)|2 =
1
πn
sinh(πn) ,
F (σ, σ′, τ) =
∞∑
n=1
1
n
cos[2n(σ − σ′)] = ln[2 sin(σ − σ′)] . (4.4)
For the first correction in u, equation (4.3) gives
|Jin(u)|2 = u
π2
cosh(πn)
|Γ(1/2 + in)|2
|Γ(i+ in)|2
(
1 +
a
n2 + 1
)
, (4.5)
where we have employed the following properties of the Gamma function: Γ(x+1) = xΓ(x)
and a = Γ2(3/2) + 2Γ(3/2)Γ(1/2). At this order, the function (4.2) is
F (σ, σ′, τ) = (1 + a)
∞∑
n=1
1
n
cos[2n(σ − σ′)]− a
∞∑
n=1
n
n2 + 1
cos[2n(σ − σ′)] . (4.6)
In (4.6) the first term is identical to the zero-order term. Let’s focus on the second sum,
which can be written in terms of Hypergeometric functions,
∞∑
n=1
n
n2 + 1
cos[2n(σ − σ′)] = ℜ e
ipi
4
2
√
2
ei(σ−σ
′)[2F1(1 + i, 2, 2 + i, e
i(σ−σ′))
−i 2F1(1− i, 2, 2 − i, ei(σ−σ′))] . (4.7)
Now we will show that, at this order, the behavior at short distances of the two-point
function is the same as that of the flat space. The Hypergeometric function 2F1(a, b, c; z)
is analytic everywhere except for possible branch points at z = 0, 1 and ∞; we are going
to work with the principal branch, and use the usual linear transformation of the Hyper-
geometric functions:
2F1(a, b, c; z) = (1− z)c−a−b2F1(a, c− a, c− b, c; z) . (4.8)
As shown in [53], 2F1(a, b, c; z) is regular at z = 1 if ℜ(c− a− b) > 0; in this case,
2F1(a, b, c; 1) =
Γ(a)Γ(c− a− b)
Γ(c− a)Γ(c− b) . (4.9)
Using this result and the transformation (4.8), the short-distance behavior of the Hyper-
geometric functions
2F1(1− i, 2, 2 − i; z → 1) = Γ(2− i)
Γ(1− i)
(
1
1− z
)
,
2F1(1 + i, 2, 2 + i, z → 1) = Γ(2 + i)
Γ(1 + i)
(
1
1− z
)
, (4.10)
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cancels each other in (4.6) and the only singular behavior comes from the first term of
(4.6); so, the two-point function has the same short-distance behavior as the flat space
string.
Close to the background singularity, using the asymptotic expansion (2.45), the equal
times bosonic two-point function is
lim
τ→−∞
〈
0, p−|XI(σ, τ)XJ (σ′, τ)|0, p−
〉
= −δIJ α
′
u
∞∑
n=1
| cos(u′ + inpi2 )|2
sinh(nπ)
= −δIJ α
′
u
G(σ, τ) ,
(4.11)
where u′ = u− π/4, and
G(σ, τ) =
∞∑
n=1
cos(2u′) cos[n(σ − σ′)]
sinh(nπ)
+
∞∑
n=1
cosh(nπ) cos[n(σ − σ′)]
sinh(nπ)
. (4.12)
The sum can be written as a q-Lambert series:
∞∑
n=1
wn
1− q2n =
1
2 ln(q)
(
ln(1− q2)−Ψq2
(
lnw
ln q2
))
, (4.13)
where Ψq is the q-Pollygamma function. The q-Gamma and q-Polygamma functions are
defined from the q-factorial, (a; q)∞ =
∞∏
k=1
(1− aqk), |q| < 1:
Ψq(z) =
d
dz
ln Γq(z) ,
Γq(z) =
(q; q)∞(1− q)1−z
(qz; z)∞
. (4.14)
For q = e−pi, z = i(σ − σ′), the sum in (4.12) is
G(σ, τ) =
1
2 ln(q)
ln(1− q2)
− 1
8 ln(q)
[Ψq2(iz − π) + Ψq2(−iz − π) + Ψq2(iz − 2π) + Ψq2(−iz − 2π) + Ψq2(iz)
+ Ψq2(−iz)] . (4.15)
Using the relation
Γq(z) =
1− q
1− qzΓq(z + 1) , (4.16)
we can easily see that, when z goes to zero, the q-Polygamma function Ψq(z) has a singu-
larity like 1/z. The only contribution to the two-point function short-distance singularity
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comes from the last two terms in (4.15) and they cancel each other out. So, in the vac-
uum |0, p−〉, the short-distance behavior of the two-point function close to background
singularity is not singular.
Now, we turn our attention to the fermionic two-point function in the vacuum |0, p−〉.
The fermionic two-point function has problems in the flat asymptotic limit if we start from
the expansion in modes used in equation (2.23)
〈
0, p−|θ1(σ, τ)θ1(σ′, τ)|0, p−
〉
=
1
4πξ
∞∑
n=1
(|W (τ)|2ein(σ−σ′) + |W˜ (τ)|2e−in(σ−σ′)) . (4.17)
Let’s analyze the fermionic two-point function close to the flat space limit. Expanding the
Gamma functions using (4.3), we have a power series in u2 = f˜2e−2τ . Up to first order
〈
0, p−|θ1(σ, τ)θ1(σ′, τ)|0, p−
〉
=
1
4πξ
[ ∞∑
n=1
ein(σ−σ
′) +
u2
4
∞∑
n=1
|Γ(1/2 + in)|2 cos[n(σ − σ′)]
|Γ(3/2 + in)|2
]
+O(u4)
=
1
4πξ
[ ∞∑
n=1
ein(σ−σ
′) +
u2
4
∞∑
n=1
cos[n(σ − σ′)]
n2 + 1/4
]
+O(u4) . (4.18)
The time dependent term can be evaluated by residue theorem; the result is
∞∑
n=1
cos[n(σ − σ′)]
(n2 + 1/4)
=
π cosh
(
pi−|σ−σ′|
2
)
sinh(π/2)
− 2 . (4.19)
Up to this order, there is no short distance singularity in the fermionic two-point function.
The only singular contribution comes from the time independent term in (4.18), that is,
the flat space contribution. Now we will show that this behavior remains at the asymptotic
limit τ → −∞. Using the asymptotic limit of the Bessel function given in (2.45), we have
|W (τ)|2 → 1
2
[
cos 2u
cosh nπ
+ 1
]
,
|W˜ (τ)|2 → 1
2
[
− cos 2u
coshnπ
+ 1
]
. (4.20)
In this limit the fermionic two-point function can be written as
lim
τ→∞
[〈
0, p−|θ1(σ, τ)θ1(σ′, τ)|0, p−
〉]
=
∞∑
n=1
cosn(σ − σ′) + cos(2u)
∞∑
n=1
vn − v¯n
1 + q2n
, (4.21)
where v = e−piein(σ−σ′) and q is the same one we have used before. The first sum is identical
to the flat space result; the second one can be written as the followig q-Lambert series:
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∞∑
n=1
wn
1 + q2n
=
1
2 ln q
(
ln(1 + q2)−Ψq2
(
lnw
2 ln q
)
+Ψq4
(
lnw
4 ln q
))
. (4.22)
So, as τ → −∞, with z = i(σ − σ′) and q = e−pi, we get
lim
τ→−∞
[〈
0, p−|θ1(σ, τ)θ1(σ′, τ)|0, p−
〉]
=
∞∑
n=1
cos[n(σ − σ′)]
+
1
2π
cos(2u)
(
Ψq2
(
π − z
2π
)
−Ψq2
(
π − z¯
2π
))
+
1
2π
cos(2u)
(
Ψq4
(
π − z¯
4π
)
−Ψq4
(
π − z
4π
))
. (4.23)
Once more, the only singular term as z → 0 is like the flat space one (the first term).
Henceforth, we turn our attention to the Bogoliubov transformed vacuum |0, τ〉 =
eiG |0, p−〉. Using the inverse of the Bogoliubov transformation defined in (3.17), the
bosonic two-point function in this vacuum is
〈
0, p−| exp(−iG)XI (σ, τ)XJ (σ′, τ ′) exp(iG)|0, p−
〉
= δIJ
π
2
iα′Y0(σ)J0(σ′) + δIJα′
∞∑
n=1
1
ωn
cos[n(σ − σ′)]
= δIJ
π
2
iα′Y0(σ)J0(σ′) + δIJα′
∞∑
n=−∞
1
ωn
ein(σ−σ
′).
(4.24)
In this case, the strategy is the same used in [37]. The mode summation is performed
through the Poisson resummation formula:
∞∑
n=−∞
1
ωn
ein(σ−σ
′) =
∞∑
l=−∞
∫ ∞
−∞
dxe2piixl
1√
x2 +m2
eix(σ−σ
′)
= 2K0(m(τ)|σ − σ′|) + 2
∑
l 6=0
K0(m(τ)|lπ + σ − σ′|) , (4.25)
with m(τ) = f˜ e−τ and K0(x) is the modified Bessel function. Unlike the |0, p−〉 vacuum, in
the transformed Bogoliubov vacuum we do not have the separation between the temporal
and the (σ − σ′) dependence . We have two different behaviors separated by the similar
point f˜ |σ − σ′| ∼ eτ . For f˜ |σ−σ′|eτ << 1, we can use
K0(x) = −I0(x) ln
(x
2
)
+
∞∑
k=0
ψ(k + 1)
(k!)2
(x
2
)2k
, (4.26)
to show that the leading short-distance behavior of the two-point function is
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δIJα′ ln(m(τ)|σ − σ′|) . (4.27)
In the region f˜ |σ−σ
′|
eτ >> 1 we have a totally different behavior. Using asymptotic
expansion of the modified Bessel function,
K0(x) =
√
π
2x
e−x
∞∑
k=0
Γ(k + 1/2)
k!Γ(1/2 − k)(2x)
−k , (4.28)
the leading order term comes from the first term in (4.25) and it is given by
δIJα′
√
eτ
2f˜ |σ − σ′|e
− f˜|σ−σ′|
eτ
∞∑
n=0
Γ(n+ 12)
n!Γ(−n+ 12)
(
eτ
f˜ |σ − σ′|
)n
. (4.29)
Now we have an exponential damping which resembles the exponential tail of the positive
energy part of the invariant ∆ function for the massive scalar field in the space-like sepa-
ration; also, the result given in (4.25) resembles a real time finite temperature two-point
function, with temperature T = 12pi [54]. Actually, due to the Bogoliubov transformation,
there is a correlation between XR and XL; it will be shown in Section 6 that this correlation
is related to the thermalization of the system.
For the fermionic sector, the two-point function calculated in the Bogoliubov trans-
formed vacuum is calculated using the inverse of the Bogoliubov transfomations
eiGβne
−iG = Bn(τ) cosϕn + ieψn sinϕnΠB˜†(τ) ,
eiGβ˜ne
−iG = B˜n(τ) cosϕn − ieψn sinϕnΠB†(τ) . (4.30)
The fermionic two-point function in the Bogoliubov transformed vacuum is
〈0, τ |θ(σ, τ)θ(σ′, τ)|0, τ〉 = 〈0, p−|θ(σ, τ)θ(σ′, τ)|0, p−〉
+
i
2πξ
∞∑
n=1
(|W˜ (τ)|2 − |W (τ)|2) sin[n(σ − σ′)] sin2 ϕn , (4.31)
where the first line in the equation is the two-point function in the time independent
vacuum. At limit t → ∞, we get sin2 ϕn → 0 and we have 〈0, τ |θ(σ, τ)θ(σ′, τ)|0, τ〉 =
〈0, p−|θ(σ, τ)θ(σ′, τ)|0, p−〉 as expected. Close to singularity, the function sin2 ϕn (us-
ing(3.25)) has the form of a Fermi-Dirac distribution
lim
τ→−∞ sin
2 ϕn =
1
e2pin + 1
. (4.32)
The second term in (4.31) can be written as q-Polygamma functions
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lim
τ→−∞
∞∑
n=1
(|W˜ (τ)|2 − |W (τ)|2) sin[n(σ − σ′)] sin2 ϕn = −cos 2u
2π
∞∑
l=0
[
Ψq2
(
z′ + 2πl
2π
)
−Ψq2
(
z¯′ + 2πl
2π
)
+Ψq4
(
z¯′ + 2πl
4π
)
−Ψq4
(
z′ + 2πl
4π
)]
.
(4.33)
where z′ = 3π−i(σ−σ′). Again, we do not have any new singular term in the short distance
behavior. As the bosonic case, the fermionic one resembles a real time finite temperature
two-point function.
5 The left/right entropy production
Let us define the density matrix
ρ(τ) = |0(τ), p−〉〈0(τ), p−| , (5.1)
where the state |0(τ), p−〉 is given in (3.16) with definitions (3.21) and (3.27). The R
reduced density matrix is calculated by tracing over the left degrees of freedom. In order
to make clear the calculation we intend to do, we are going to fix the following notation:
the I index in the bosonic |nIk〉B and ferminonic state |nIk〉F ranges from 1 to d, where
d = 8; a state without index B or F means the tensor product of the fermionic and bosonic
states; the sum
∑
nk
means
∑
n1,n2,...
; and the sum
∑
{Mk}
means
∑
nk,mk,ok,pk
. Keeping in mind
this notation, the R reduced density matrix is
ρR(τ) = TrL|0(τ), p−〉〈0(τ), p−|
=
∞∏
k=1
|fk(τ) cosϕk|−16
8∏
I=1
∞∑
{Mk}
∞∑
lk=0
(
g∗k(τ)
fk(τ)
)nk ( gk(τ)
f∗k (τ)
)mk
〈lIk|nIk〉B 〈mIk|lIk〉B
× (tanϕ)ok (tanϕ)pk 〈lIk|oIk〉F 〈pIk|lIk〉F |nIk〉B〈mIk|B |oIk〉F 〈pIk|F
=
∞∏
k=1
|fk(τ) cosϕk|−16
8∏
I=1
∑
nk,mk
∣∣∣∣gk(τ)fk(τ)
∣∣∣∣2nk tan2nk ϕk|nIk〉B〈nIk|B |mIk〉F 〈mIk|F . (5.2)
A measure of the bosonic left/right entanglement of the state |0(τ), p−〉 is given by the von
Neumann entropy associated with the R reduced density matrix:
S = −TrρR ln ρR
= −8
∞∑
n=1
[|gn(τ)|2 ln(|gn(τ)|2)− (1 + |gn(τ)|2) ln(1 + |gn(τ)|2)]
− 8
∞∑
n=1
[sin2 ϕn ln(sin
2 ϕn) + cos
2 ϕn ln(cos
2 ϕn)] , (5.3)
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where |g(t)|2 can be written as
|gn(τ)|2 = 1
2
[
ΩBn
2ωn
− 1
]
, (5.4)
and sin2 ϕn is defined in (3.25). Please note that the entanglement is produced by the
background and it is seen by an observer in the vacuum |0, p−〉 at τ = ∞. If we take the
time derivative of S, we get
S˙ = −8
∑
k
N˙Bk (τ) ln
(
1 +NBk (τ)
NFk (τ)
)
− 8
∑
k
N˙Fk (τ) ln
(
1 +NFk (τ)
NFk (τ)
)
, (5.5)
where NBk (τ) = |g(τ)|2 and NFk = sin2 ϕk. So, the signal of S˙ can be read just from N˙Bk (τ)
and N˙Fk (τ).
The functions NBk (τ) and N
F
k (τ) are related to the expected value of the number
operator of the original Hilbert space
〈0(τ), p−|α†kαk|0(τ), p−〉 = 8|g(τ)|2 ,
〈0(τ), p−|S†kSk|0(τ), p−〉 = 8|g(τ)|2 . (5.6)
Using the following properties of Bessel functions
J˙ν(z) =
1
2
[Jν−1(z) + Jν+1(z)] ,
2ν
z
Jν(z) = Jν−1(z) + Jν+1(z) ,
J− 1
2
+in(z)J− 1
2
−in(z) + J 1
2
+in(z)J 1
2
−in(z) =
2 cosh nπ
πz
, (5.7)
and the expressions
ΩFn =
2iπu
cosh nπ
[
cosh nπ
2πu
+G(u)
]
, (5.8)
G(u) =
u
2
[J− 1
2
+in(u)J
′
− 1
2
−in(u) + J 12+in(u)J
′
1
2
−in(u)] , (5.9)
(5.10)
together with the Bessel function’s equations, we get
N˙Bn (τ) =
f˜2e−2τ
4nω3n
[
|∂τZn|2
(
1− f˜
4e−4τ
n2
)
− n2|Zn|2
]
,
N˙Fn (τ) = −
πnf˜e−τ
4ω3n coshnπ
[
2nImG+ ω2n(|J− 1
2
+in|2 + |J 1
2
+in|2)
]
. (5.11)
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One can see that, close to the singularity ( τ → −∞), the dominant terms in the equations
above are negative and the entropy increases with time.6 We are going to show that close
to the singularity the worldsheet thermalizes; but before it, let us discuss the condition for
a maximum entanglement of the worldsheet left/right movers at a fixed time. This is the
condition for the state (3.16) to be a maximum entanglement state; in other words, S to be
maximum. We see that S is a function of the expected value of the right number operator;
that is, S is a function of the expected value of the right Hamiltonian on the state (3.16).
Based on that, let us define the constraints
ER = 〈0(τ)|HR|0(τ)〉 = TrρRHR, T rρR = 1 , (5.12)
where HR is the right mover Hamiltonian for observers in the vacuum |0, p−〉 at τ =∞. We
can show the maximum entanglement condition in a “thermodynamical way”. The maximal
left/right entanglement is achieved demanding that δS(ER) = 0 under the constraint (5.12).
So, the state (3.16) is a maximum entanglement state at a fixed time if the density matrix
(5.2) can be written as a Gibbs-like density operator
ρR =
1
ZR
eγHR ,
ZR = Tre
γHR , (5.13)
for some parameter γ defined at each time; this is just the case of the state (3.16). The
properties (3.11) allow us to define
|Fk(τ)|2 = 1
1− e−γk ,
| cosϕk|2 = 1
1 + e−γk
, (5.14)
so
|gk(τ)|2 = 1
eγk − 1 ,
| sinϕk|2 = 1
1 + eγk
,∣∣∣∣ gk(τ)Fk(τ)
∣∣∣∣2 = ∣∣∣∣ sinϕkcosϕk
∣∣∣∣ = e−γk ,
ZR =
∞∏
k=1
1
1− e−2γk =
∞∏
k=1
|Fk(τ) cosϕk|2 . (5.15)
With these definitions, the density matrix can be written as
6In [35] it is proven that Im G is negative definite, but this is not the dominant term for τ → −∞.
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ρA(t) = TrB|0(τ), p−〉〈0(τ), p−|
=
∞∏
k=1
1
1− e−2γk
∑
nk,mk
[tanh(γ) tanh(γ¯)]nk [tanh(γ) tanh(γ¯)]mk |nk〉〈nk|B|nk〉〈nk|F ,
(5.16)
which has the form of (5.13).7
5.1 Entropy Operator
We will now show that the entanglement entropy calculated earlier has the same form as
a thermodynamic entropy. The inspiration for this is the Thermo Field Dynamics (TFD)
[55, 56], a canonical finite temperature formalism.8 The central idea of the TFD formalism
is the doubling of degrees of freedom and a Bogoliubov transformation to entangle such
duplicated degrees, defining a thermal vacuum. The temperature is introduced as an
external parameter, and the thermal vacuum appears as a boundary state in the doubled
Fock space composed by the physical space of the system and a copy of it. The structure
of the time dependent left/right entanglement state found in this work is very similar to
the TFD thermal vacuum.
In the TFD formalism, there is an operator whose expected value in the thermal
vacuum provides the thermodynamic entropy of the system. Inspired by the TFD entropy
operator, let’s define the following time-dependent operator:
K(τ) = −
∞∑
n=1
[
α†n · αn ln
(|gn(τ)|2)− αn · α†n ln (|fn(τ)|2)]
−
∞∑
n=1
[
S†n · Sn ln
(| sinϕn|2)− Sn · S†n ln (| cosϕn|2)] . (5.17)
If we take the expected value of the operator K in the vacuum |0(τ), p−〉 using the relations
(5.6), we get exactly the entanglement entropy calculated in (5.3). This operator has
another important feature: it can be used as an entanglement state generator. It can be
shown that
|0(τ), p−〉 = e−K(τ)e
∑
α†n·α˜†ne
∑
S†n·S˜†n |0, p−〉 . (5.18)
This expression brings to light an important characteristic concerning the entanglement
dynamics. Note that the entropy operator carries all the temporal dependence of the state;
in particular, we can verify that the time evolution of the entanglement state’s vacuum is
generated by the time derivative of the entropy operator:
7Note that eγH(t) is not truly a density operator from the Liouville-von Neumann (LvN) equation.
However, for a fixed time, S is an increasing function of energy.
8For applications of TFD in superstring theory see, for example, [52, 57–60].
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∂ |0(τ), p−〉
∂τ
= −1
2
∂K
∂τ
|0(τ), p−〉 . (5.19)
This equation implies that the basic notion of equilibrium,
∂ |0(τ)〉
∂τ
≈ 0, is equivalent to the
the maximum entropy condition. This condition is achieved when the string approaches
the singularity and the entropy becomes the thermodynamic entropy, as we will show in
the next section. If we calculate the following projection
〈p−, 0 | 0(τ), p−〉 = e−8
∑
n ln(1+|gn(τ)|2)e−8
∑
n ln(| cosϕn|2) , (5.20)
and take the limit τ → −∞ , we get 〈p−, 0 | 0(τ), p−〉 = 0, showing that the state close
to the singularity is unitarily inequivalent to the asymptotically flat vacuum. In other
words, this result shows that close to the singularity the system defined by the 2d world-
sheet quantum field theory is led to another representation of the canonical commutation
relations, which is unitarily inequivalent to the representation at τ = ∞. This is typical
of entanglement states, as show in [61], but also is a general characteristic of quantum
dissipative theories [62],[63] and thermal theories [55, 56]. In all these scenarios the non
unitary evolution seems to be generated by the same kind of entropy operator.
6 Thermalization
In this section, we are going to analyze the entanglement state near the singularity. The
time dependent left/right entanglement state is
|0(τ), p−〉 =
∞∏
n=1
[(
cos2 ϕn
|fn(τ)|2
)8
e
− gn(τ)∗
fn(τ)
α†n·α¯†ne−Πe
iψn tanϕnS
†
n·S¯†n
]
|0, p−〉 . (6.1)
For the bosonic part of the state, we need the expression
lim
τ→−∞
[
g∗n(τ)
fn(τ)
]
= −e
−2in ln(f/2)Γ(1 + in)
Γ(1− in) limu→∞
J−in(u)− iJ ′−in(u)
Jin(u)− iJ ′in(u)
. (6.2)
Using
Γ(1± in) = nπ
sinhnπ
e±iγn ,
γn = nψ(x) +
∞∑
k=0
[
n
1 + k
− arctan n
1 + k
]
, (6.3)
where ψ(x) is the Polygamma function ψ(x) = Γ
′(u)
Γ(u) . Near the singularity we have
g∗n(τ)
fn(τ)
∼ eiζnepin , (6.4)
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where ζn = π + 2γ + 2n ln(f/2). For the fermionic part, we need to analyze Πe
iψn tanϕn.
Using the result (3.25) in the asymptotic limit, Equation (4.32), we get
Πeiψn tanϕn ∼ Πeiψ′ne−pin , (6.5)
where ψ′n is the asymptotic limit of ψn. The entanglement state, in the asymptotic limit,
takes the form
lim
τ→−∞ |0(τ), p−〉 = |0(β), p−〉 =
1√
Z
∞∏
n=1
ee
−n
β
2 +iζnα†n·α˜†n+eΠe
−n
β
2 +iψ
′
n
S†n·S˜†n |0〉 , (6.6)
where
Z =
∞∏
n=1
1
1− e−βn
1
eβn − 1 , (6.7)
and β = 2π. Note that the phases ζn and ψ
′
n, as well as the matrix Π, do not alter the
expected values. In this limit, up to a phase, the entanglement state is exactly a thermal
state for 2d bosons and fermions at equilibrium temperature T = 12pi (in natural units)
[55, 56], [64]. Indeed, the expected values of the bosonic and fermionic number operators
in the state (6.6) are
〈0(β), p−|ana†n|0(β), p−〉 =
1
eβn − 1 ,
〈0(β), p−|SnS†n|0(β), p−〉 =
1
eβn + 1
, (6.8)
which are precisely the Bose-Einstein and Fermi-Dirac distributions.
Regarding the bosonic two-point function, the correlation between the left and right
mode observed in the vacuum |0(τ), p−〉 allows to express the two-point function in a matrix
representation of the form
G(σ, σ′, τ) =
∣∣∣∣∣G++(σ, σ′, τ) G+−(σ, σ′, τ)G−+(σ, σ′, τ) G−−(σ, σ′, τ)
∣∣∣∣∣ ,
where
G++(σ, σ
′, τ) =
〈
0(τ), p−|XR(σ, τ)XR(σ′, τ)|0(τ), p−
〉
,
G+−(σ, σ′, τ) =
〈
0(τ), p−|XR(σ, τ)XL(σ′, τ)|0(τ), p−
〉
,
G−+(σ, σ′, τ) =
〈
0(τ), p−|XL(σ, τ)XR(σ′, τ)|0(τ), p−
〉
,
G−−(σ, σ′, τ) =
〈
0(τ), p−|XL(σ, τ)XL(σ′, τ)|0(τ), p−
〉
, (6.9)
Near to the singularity,
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G++(σ, σ
′, τ) = G0 +
∞∑
n=1
limτ→−∞ |Z(τ)|2
n
[
e−i(σ−σ
′)n +
cosn(σ − σ′)
eβn − 1
]
, (6.10)
where G0 is the zero mode part (G0 ∼ cos(u
′) sin(u′)
u ). One can see that the two-point
function has the same form as the two-point function of a real time finite temperature
quantum field theory, with one of the closed string sector (left or right) playing the role of
degrees of freedom of the thermal bath [65], [55, 56].
Now, let’s analyze the entropy’s behavior. In order to do it as τ → −∞ and τ →
∞, we need the asymptotic behavior of the Bessel functions. For the flat space limit
(τ → ∞), equation (2.44) gives |gn(τ)|2 ∼ 0, sin2 ϕn ∼ 0 and the entropy is zero just
as expected. Close to the singularity (τ → −∞), using equations (2.46) and (2.47), the
left/right entanglement entropy is
lim
τ→−∞S(τ) = Ssingularity = −8
∞∑
n=1
[
1
eβn − 1 ln
(
1
eβn − 1
)
− 1
1− e−βn ln
(
1
1− e−βn
)]
− 8
∞∑
n=1
[
1
eβn + 1
ln
(
1
eβn + 1
)
− 1
1 + e−βn
ln
(
1
1 + e−βn
)]
, (6.11)
Remark that, near the singularity, S does not depend on time and it is not affected by
the divergence of the curvature at τ −→ −∞. Actually, S is finite at the singularity
and it is exactly equal to the thermodynamic entropy of a 2d bosonic/fermionic gas at an
equilibrium temperature T = 12pi . Remember that the string coupling diverges in this limit
and the relevant degrees of freedom belong to the non perturbative sector of the string
theory. Moreover, the thermal state is the one of an open superstring; in fact, the left
movers are traced out in the entropy calculation.
7 Conclusion
We have investigated new issues in the Ramond-Ramond time dependent superstring sigma
model studied in [35]. We have constructed a Bogoliubov generator that relates a time
independent vacuum with a time dependent one (|0(τ), p−〉). This transformation can be
interpreted as a relation between asymptotically flat observers and observers at a finite time;
the late ones go with the string towards to the singularity. From the point of view of the
asymptotically flat observers, the vacuum |0(τ), p−〉 is a superposition of SU(1, 1)×SU(2)
coherent states. Actually, it was shown that the Bogoliubov transformed vacuum is a time
dependent left/right entanglement state.
We have carried out the mode summation for the equal time superstring two-point
function and presented the results in terms of Bessel, Hypergeometric and q-Polygamma
functions. The behavior of the bosonic two-point function is different for each vacuum. In
the time independent vacuum, it was investigated two regimes: close to flat space limit and
close to singularity. In the first one, we have shown that the behavior at short distances
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of the two-point function is the same as that of the flat space. In the second it was shown
that the short distance behavior of the two-point function close to background singularity
is not singular; in particular, close to the singularity the bosonic two-point function goes
to zero. This may corroborate the idea that the string gets highly excited and breaks up
into bits propagating independently near the singularity, as it was argued in [66]. However,
as in this background the string coupling gets higher at the singularity, we need to take
into account non perturbative effects in order to have the exactly picture of the two-point
function close to singularity. For the Bogoliubov transformed vacuum, in the bosonic sector
we do not have the separation between the temporal and the (σ−σ′) dependence; we have
two different behaviors separated by the similar point f˜ |σ − σ′| ∼ eτ . For f˜ |σ−σ′|eτ << 1,
the leading short-distance behavior of the two-point function is again the same as the flat
space. For f˜ |σ−σ
′|
eτ >> 1 we have an exponential damping term. For the fermionic sector,
in both vacuums the two-point function is written in terms of q-Polygamma functions and
the behavior at short distances is not altered by the background.
The structure of the two-point function in the Bogoliubov transformed vaccum is very
similar to the one of a thermal theory, with one of the closed string sector (left or right)
playing the role of degrees of freedom of the thermal bath; this fact is corroborated when
analyzing the left/right entanglement entropy. Although the Hamiltonian diverges as the
string approaches the cosmological singularity, the left/right entanglement entropy is well-
behaved and becomes a thermodynamic entropy. Actually, it was shown that, close to
the singularity, the finite time vacuum is unitarily inequivalent to the asymptotically flat
vacuum. In reference [67] (where the same problem is analized for the model studied in
[34]), this non unitarity is related to the fact that, close to the cosmological singularity,
for asymptotically flat observers, the closed string vacuum appears as a D-brane described
in the closed string channel. Here, the closed superstring vacuum appears as an open su-
perstring thermal vacuum. In particular, it was shown that the non unitary dynamics is
governed by an entropy operator, similar to what happens in quantum dissipation theory
[63]. As a future work, it will be interesting to study this thermalization from the per-
spective of the Eigenstate Thermalization Hypothesis in Conformal Field Theory discussed
in [68], as well as to investigate if this kind of thermalization appears in time dependent
orbifold models. Finally, it was presented in the appendix how to take into account a non
equilibrium thermalization for the zero mode of the GS superstring. It will be interesting
to extend this analysis for the non zero string modes and have a toy model to study the
non equilibrium thermodynamics of the superstring close to null singularities.
A Zero mode thermalization
As the interaction of the string modes with the background provides a thermal bath for
the string, we need to deal with the thermalization of the zero mode. It was shown that
thermalization occurs close to the singularity, which implies an immediate problem: the
time dependent frequency diverges close to the singularity. So, in order to take care of
the zero mode thermalization, we need to impose a cut-off on the frequency. As the string
coupling diverges close to the singularity, we can speculate that some non perturbative
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effect of string theory may account for the divergence in frequency. Clearly, this is a kind
of ”God ex machina” solution and this appendix is somewhat speculative. In the meantime,
we show how to deal with the zero mode in non equilibrium thermodynamics.
Let us start with the bosonic sector. The zero mode has the following time dependent
Hamiltonian
H = p+H0(τ) = 1
2
[
(pI0)
2 + f˜2e−2τ
(
xI0
α′
)2]
, (A.1)
with
[x˜I , p˜J ] = i δIJ . (A.2)
We are going to use H as time evolution operator. In order to take care of the zero mode
thermalization, one could naively construct a thermal density matrix, defined by the time
dependent Hamiltonian
ρH =
1
Z
e−βH . (A.3)
This density matrix does not satisfy the quantum Liouville-von Neumann (LvN) equation
and it is difficult to relate 1/β to the equilibrium temperature. If the system starts in
the initial thermal equilibrium state, its final state can be far away from the initial one;
one way to solve this problem is given by the LvN approach. The essential idea of the
LvN method is that the quantum LvN equation provides all the quantum and statistical
information of non equilibrium systems. The strategy of this approach is to define time
dependent oscillators that satisfy the equation [44–46]
i
∂a
∂τ
+ [a,H] = 0 . (A.4)
The linearity of the LvN equation allows us to use a(τ) and a†(τ) to construct operators
that also satisfy Equation (A.4); in particular, the number and the density operator. By
defining the number operator in the usual way
Nˆ(τ) = a†(τ)a(τ) , (A.5)
one finds the Fock space consisting of the time dependent number states
Nˆ(τ)|n, τ〉 = n|n, τ〉 . (A.6)
The time dependent zero mode vacuum state is the one that is annihilated by a(τ) and the
n-th number state is obtained by applying a†(τ) n-times:
a(τ)|0, τ〉 = 0 ,
|n, τ〉 = (a
†(τ))n√
n!
|0, τ〉 . (A.7)
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With these oscillators, a density matrix of the thermal type (which satisfies the LvN equa-
tion) can be defined as
ρT = e
βω0a†(τ)a(τ) , (A.8)
where β and ω0 are free parameters and ZN is the partition function given by
ZN =
∞∑
n=0
〈n, τ |e−βω0(N(τ)+ 12 )|n, τ〉 = 1
2 sinh(βω02 )
. (A.9)
Equation (A.8) has the same form as the standard density operator, with the time inde-
pendent annihilation and creation operators being replaced by the time dependent ones.
So Equation (A.8) includes the time independent case as a special case when one chooses
β = 1/(T ) and ω0 as the oscillator frequency at the equilibrium temperature. For our case,
β = 2π is fixed by the asymptotic behavior of the entanglement state and ω0 will be the
cut-off frequency. In this way, the LvN method treats the time dependent, non equilibrium
system exactly in the same way as the time independent, equilibrium one.
Let’s apply this procedure to the bosonic zero mode by defining the following time de-
pendent creation/annihilation operators (from now on, we won’t use the spacetime indices)
a(τ) =
(
φ∗(τ)p− φ˙∗(τ)x
)
,
a†(τ) =
(
φ(τ)p − φ˙(τ)x
)
. (A.10)
The commutation relation
[a, a†] = 1 , (A.11)
is obtained from (A.2) if φ(τ) satisfies the Wronskian
φ˙∗φ− φ∗φ˙ = i . (A.12)
By placing (A.10) in (A.4), we obtain
d2φ
dτ2
+ ω2(τ)φ(τ) = 0 , (A.13)
where ω(τ) = f˜e−τ . The solution for φ(τ) that satisfies the Equations (A.13) and (A.12)
has the form
φ(τ) =
√
π
2
[J0(z) + iY0(z)] , (A.14)
where z = ω(τ) and the following property of Bessel functions was used
J(z)Y˙ (z) − J˙(z)Y (z) = 2
πz
. (A.15)
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In terms of the operators defined in (A.10), the momentum and position are written as
p = i
[
φ˙(τ)a− φ˙∗(τ)a†
]
,
x = i
[
φ(τ)a− φ∗(τ)a†
]
, (A.16)
and the Hamiltonian is
H =
1
2p+
[
2Ω0
(
a†(τ)a(τ) + d
)
− C0a2(τ)− C∗0 (a†)2(τ)
]
, (A.17)
where
Ω0 = |φ˙(τ)|2 + ω2(τ)|φ(τ)|2 ,
C0 = φ˙
2 + ω2(τ)φ(τ)2 . (A.18)
Perceive the similarity with the Hamiltonian for non zero modes.
A.1 Density matrix
We will now construct the coordinate representation of the density matrix in terms of the
invariant oscillators (A.10) and compare it with the density matrix defined in (A.3). In
the coordinate representation the number state is given by
Ψn(x, τ) =
(
1
2πφ∗(τ)φ(τ)
)1/4
1√
2nn!
(
φ(τ)
φ∗(τ)
)n
Hn
(
x√
2φ∗(τ)φ(τ)
)
exp
[
i
2
m
~
φ˙∗(τ)
φ∗(τ)
x2
]
,
(A.19)
where the Hn are the Hermite polynomials. The matrix elements of the density matrix
(A.8) in coordinate representation are given by
ρT(x
′, x, τ) =
〈
x|ρ|x′〉 = 1
ZN
∞∑
n=0
Ψn(x
′, τ)Ψ∗n(x, τ)e
−βω0(n+ 12 )
= A(x, x′, τ)
[
tanh(βω02 )
2πφ∗φ
]1/2
× exp
[
− 1
8φ∗φ
{
(x′ + x)2 tanh
(
βω0
2
)
+ (x′ − x)2 coth
(
βω0
2
)}]
,
(A.20)
where we have used
Hn(x
′)Hn(x) =
1
π
ex
′2+x2
∫ ∞
−∞
∫ ∞
−∞
dz1dz2(2iz1)
n(2iz2)
ne−z
2
1−2ix′z1−z22−2ixz2 , (A.21)
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and A(x, x′, τ) is
A(x, x′, τ) = e
i
2
φ˙∗
φ∗
x′2− i
2
φ˙
φ
x2e
ω(τ)
2 (x
′2+x2) . (A.22)
On the other hand, the density operator (A.3) for the instantaneous Hamiltonian has
the matrix representation
ρH(x
′, x, τ) =
[
ω(τ) tanh(βω(τ)2 )
π
]1/2
× exp
[
−ω(τ)
4
{
(x′ + x)2 tanh
(
βω(τ)
2
)
+ (x′ − x)2 coth
(
βω(τ)
2
)}]
.
(A.23)
At the asymptotic limit (τ → −∞) where thermalization occurs, we have
φφ∗ → 1
2f˜ e−τ
=
1
2ω(τ)
,
φ˙
φ
→ −iω(τ) ,
A(x, x′, τ) → 1 . (A.24)
The density matrix (A.20) becomes
ρT(x
′, x, τ) =
[
ω(τ) tanh
(
βω0
2
)]1/2
× exp
[
−ω(τ)
4
{
(x′ + x)2 tanh
(
βω0
2
)
+ (x′ − x)2 coth
(
βω0
2
)}]
.
(A.25)
So, as ω(τ) gets close to ω0, ρT gets close to ρH .
A.2 Fermionic Sector
The zero mode of the fermionic Hamiltonian has the form
Hf = p+HF0 = −2 i
α′
f˜e−τS0ΠS˜0 . (A.26)
Let us define (without using spacetime indices)
SR =
1√
2
(1 + Π)
(
S0 + iS˜0
)
, S†R =
1√
2
(1 + Π)
(
S0 − iS˜0
)
,
SL =
1√
2
(1−Π)
(
S0 + iS˜0
)
, S†L =
1√
2
(1−Π)
(
S0 − iS˜0
)
, (A.27)
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where the fermionic operators SL and SR have 4 components each and satisfy
{SR, S†R} = {SL, S†L} = 1 ,
{SR, SR} = {S†R, S†R} = 0 ,
{SL, SL} = {S†L, S†L} = 0 . (A.28)
The Hamiltonian takes the form
HF0 = ω(τ)
(
S†RSR − S†LSL − 8
)
, (A.29)
where ω(τ) = f˜e−τ . The term −8 comes from the normal ordering and cancels with the
bosonic one. Following the LvN approach, we will define SR(τ) and SL(τ) such that they
satisfy
i
∂SR(τ)
∂τ
+ [SR(τ),H] = 0 ,
i
∂SL(τ)
∂τ
+ [SL(τ),H] = 0 ,
{SR(τ), S†R(τ)} = {SL(τ), S†L(τ)} = 1 . (A.30)
Let us propose
SR(τ) = F+(τ)SR +G+(τ)S
†
L ,
SL(τ) = F−(τ)SL +G−(τ)S
†
R . (A.31)
The anti-commutation relations are guaranteed if
|F |2 + |G|2 = 1 . (A.32)
The solutions of (A.30) that satisfy (A.32) are
F+(τ) = G+(τ) =
1√
2
e−iω(τ) ,
F−(τ) = G−(τ) =
1√
2
eiω(τ) . (A.33)
In terms of SR(τ) and SL(τ) the Hamiltonian is
H = ω(τ)
[
SR(τ)
†SR(τ)− S†L(τ)SL(τ) + SR(τ)†(τ)S†L(τ) + SL(τ)SR(τ)
]
. (A.34)
The LvN invariant fermionic density matrix is built in a similar way to the bosonic one.
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